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SUPERINTEGRABILITY OF SYMMETRIC TODA
NICOLAI RESHETIKHIN AND GUS SCHRADER
Abstract. In this paper we prove superintegrability of Hamiltonian systems gen-
erated by functions on K\G/K, restriced to a symplectic leaf of the Poisson variety
G/K, where G is a simple Lie group with the standard Poisson Lie structure, K is
the subgroup of fixed points with respect to the Cartan involution.
Introduction
The emergence of Poisson brackets defined by the classical r-matrix [Sk1, STS] and
the subsequent discovery of Poisson Lie groups [Dr] were major milestones in the mod-
ern understanding of many known integrable systems.
The basic relation between Poisson Lie groups and integrable systems is as fol-
lows. For a quasitriangular Poisson Lie group (where Poisson brackets are defined by
a classical r-matrix), the conjugation-invariant functions form a Poisson commutative
subalgebra in the algebra of regular functions on the group. The restrictions of these
Poisson commuting functions to various symplectic leaves in the group thus provides a
source of possible integrable systems. However for a typical symplectic leaf, the rank of
this commutative subalgebra is less than half of the dimension of the symplectic leaf,
so the balance of dimensions required for Liouville integrability fails to be satisfied.
Nonetheless, when a quasitriangular Poisson Lie group is of the factorizable type, the
Hamiltonian flow generated by a central function can be described by the factorization
formula [STS]. For this reason, even in the case when the number of independent
central function is less that needed to ensure Liouville integrability, one still expects
that the corresponding systems will be superintegrable.
Definition 1. A superintegrable system on a symplectic manifold (M2n, ω) consists of
a Poisson subalgebra CJ(M2n) ⊂ C(M2n) of rank 2n− k which has a Poisson center
CI(M) of rank k.
Superintegrability [SInt] is known by several names in the literature. It is alterna-
tively referred to as degenerate integrability1, or as the non-commutative integrability2.
The Hamiltonian dynamics generated by the function H ∈ C(M) is said to be
superintegrable if H ∈ CI(M). If J1, . . . , J2n−k are independent functions from CJ(M),
we have
{H, Ji} = 0, i = 1, . . . , 2n− k.
1This terminology was introduced by N. Nekhoroshev in [N]. The first author was using this
terminology in the previous papers.
2 This terminology was introduced by Mischenko and Fomenko in the context of integrable systems
related to Lie algebras and is frequently used in the literature, see for example [KM][FLGV] and other
related papers.
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In other words, functions from CJ(M) are integrals of motion for H . One can say that
Hamiltonian vector fields generated by Ji describe the symmetry of the Hamiltonian
flow generated by H .
Let I1, . . . , Ik ∈ CI(M) be k independent functions (meaning that dI1 ∧ · · · ∧ dIk
does not vanish identically).
Theorem 1. [N]
(1) The flow lines of H are parallel to level surfaces of Ji.
(2) Each connected component of a generic level surface has a canonical affine
structure generated by the flow lines of I1, . . . , Ik.
(3) The flow lines of H are linear in this affine structure.
Geometrically, superintegrability corresponds to the existence of a pair of Poisson
projections
M
pi
→ P
p
→ B
where P and B are Poisson manifolds, π and p are Poisson projections, and B has trivial
Poisson structure. Fibers of p are finite unions of symplectic submanifolds (symplectic
leaves of P) and dim(P) + dim(B) = dim(M). In this geometric setting, we have
CJ(M) = π
∗C(P) and CI(M) = (p ◦ π)
∗C(B).
When k = n this theorem reduces to the Liouville integrability. In general, the
difference between Liouville integrable systems on a symplectic 2n dimensional man-
ifold is that a superintegrable system may have Liouville tori of smaller dimension
k < n. For more details on superintegrable systems, examples and references see
[R2, SInt, GS, ?, KM].
In the case of central functions on simple Lie groups with their standard Poisson Lie
structures, the superintegrability was proven in [R1]. In this case symplectic leaves are
isomorphic to quotients of double Bruhat cells by a torus.
The factorization formula for the Hamiltonian flow on a factorizable Poisson Lie
group was extended to Hamiltonian flows on homogeneous spaces G/K generated by
the Poisson commutative subalgebra of functions on K\G/K in [Sch1]. Here G is
a Poisson Lie group, and K is the subgroup of fixed points of an involution on G
satisfying the classical reflection equation. A particular case of integrable systems on
such homogeneous spaces are integrable systems with reflecting boundary conditions
[Sk2]. The integrability of such systems when G is the loop algebra of SL2 in the
general framework of integrable systems on homogeneous spaces was established in
[Sch2].
This paper is sequel to [Sch1] and is also a sequel to [R1]. Here we study the superin-
tegrability of reflecting integrable systems arising from the Cartan involution on finite
dimensional split real Lie groups with their standard Poisson Lie structure. Specifi-
cally, we prove that for generic symplectic leaves of G/K, the Hamiltonian systems
generated by functions on K\G/K are superintegrable.
The plan of the paper is as follows. In sections 1 and 2 we recall the basic facts
about Poisson homogeneous spaces of a quasitriangular Poisson Lie groups (G, r). In
section 3 we prove integrability for Hamiltonian systems on symplectic leaves of G/K
with Hamiltonians from K\G/K and construct angle variables. In section 4 we relate
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the results of section 3 with superintegrability of characteristic integrable systems on
G.
1. The standard Poisson structure simple Lie group and on their
cosets.
1.1. Standard Poisson Lie structure on a simple Lie group. Let G be a simple
complex Lie group with Lie algebra g. Choosing a Borel subalgebra b+ ⊂ g gives the
corresponding root space decomposition g = h+
⊕
α∈∆ g
α. We have Lie subalgebras
n+ =
⊕
α∈∆+
gα, n− =
⊕
α∈∆−
gα
as well as b± = h + n±. We will use notations N±, B±, H for the corresponding Lie
subgroups in G, and 〈, 〉 for a fixed non-zero multiple of the Killing form on g. For each
α ∈ ∆+, let us fix root vectors Eα ∈ g
α, E−α ∈ g
−α normalized so that 〈Eα, E−α〉 = 1.
The canonical element r ∈ g ∧ g defined by
r =
∑
α∈∆+
Eα ∧ E−α(1.1)
is known as the standard classical r-matrix for g and a choice of Borel b+ ⊂ g [Dr].
Remark 1. The r-matrix (1.1) is the skewsymmetrization of the standard factorizable
Lie bialgebra r-matrix
r =
1
2
∑
hi ⊗ h
i +
∑
α∈∆+
Eα ⊗ E−α
This r-matrix satisfies classical Yang-Baxter equation, see for example [STS].
Given a multivector X ∈
∧k
g, denote by XL and XR the corresponding left and
right invariant k-vector fields on G. Then
η = rR − rL
defines a Poisson structure3on G called the standard Poisson structure. With respect to
the Poisson structure η, the group G is a Poisson Lie group. If we use the trivialization
of TG by left translations as TG ≃ g×G then
η(x) = Adx(r)− r
where Adx(a ∧ b) = Adx(a) ∧Adx(b).
3As usual it means a Lie algebra structure on the algebra of functions on G with the Lie bracket
{f, g} = (η, df ∧ dg), where (., .) is the pairing between polyvectors and forms on G.
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1.2. Standard Poisson structure on cosets G/K. The Lie algebra g admits a Lie
algebra involution σ called the Cartan involution, defined by
σ(Eα) = −E−α, α ∈ Φ
σ(H) = −H, H ∈ h
The involution σ lifts to a corresponding Lie group involution (involutive automor-
phism), which we denote by the same letter.
Lemma 1. The involution σ is anti-Poisson with respect to η.
Proof. This follows from the action of σ on the classical r-matrix: σ⊗2(r) = −r. 
The Cartan involution gives rise to a decomposition g = k⊕p into its ±1 eigenspaces
known as the Cartan decomposition. The fixed point set k is a Lie subalgebra in g,
the anti-fixed point set p is a k-module. We denote by K the Lie subgroup of G
corresponding to the Lie subalgebra k.
Proposition 1. The pair (r, σ) is a solution of the classical reflection equation
(σ ⊗ σ)(r) + r = (σ ⊗ 1)r − (1⊗ σ)r(1.2)
In fact, as observed in Lemma 1, σ satisfies (σ ⊗ σ)(r) = −r, so both sides of the
classical reflection equation vanish. It follows from Proposition 1 that k is a coideal Lie
subalgebra in g. Hence the Poisson structure η on G descends to a well-defined Poisson
structure ηG/K on the coset space G/K. Note, however, that K is not a Poisson-Lie
subgroup in G.
2. Poisson structure on the symmetric space G/K.
It is clear that the standard Poisson Lie structure on a simple complex Lie group G
descends to its split real form. From now on G means the split real form of GC and
K means the corresponding compact real form of KC from the previous section. We
will denote by AN ⊂ B+ the Lie subgroup where N ⊂ B+ is the unipotent subgroup in
the Borel subgroup and A is the positive subgroup of the split real form of the Cartan
subgroup H ⊂ G.
In this section we describe some properties of the Poisson structure ηG/K on G/K.
Recall [H] thatG admits an Iwasawa decomposition: the multiplication map AN×K →
G is a real diffeomorphism. We may therefore identify the coset space G/K with AN .
Observe that AN ⊂ B+ ⊂ G are Poisson submanifolds. Let us recall the following
results of [Sch1] regarding ηG/K :
Proposition 2. The subalgebra C[K\G/K] of K-invariant functions on G/K is Pois-
son commutative.
We shall refer C[K\G/K] as the Poisson subalgebra of reflection Hamiltonians. Ele-
ments of it are functions on G of the form f(gσ(g)−1) where f is such that f(hgh−1) =
f(g). It is clear that these functions are left and right K-invariant.
Proposition 3. The Poisson structure ηG/K on G/K coincides with the Poisson struc-
ture on B+ coming from its inclusion into G.
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Remark 2. Both propositions remain true in the complex case.
Recall that if u is an element of the Weyl group W , the double Bruhat cells G1,u =
B+ ∩ B−uB− are Poisson subvarieties of B+. Each double Bruhat cell G
1,u is fibered
over the torus ker(u − id) ⊂ H , with fibers being symplectic leaves of dimension
l(u) + corank(u − id), see [HL]. The fibration is given by certain generalized minors;
for details see [KZ], [HKKR],[R1]. This gives the description of symplectic leaves of
B+. They restrict to symplectic leaves of AN .
Combining Proposition 3 with the description of symplectic leaves of B+ we obtain
Proposition 4. The symplectic leaves of G/K after identification of this space with
AN coincide with the intersection symplectic leaves of homogeneous Poisson varieties
B+ ∩ B−uB− with AN .
Here it is essential that we have a global isomorphism G/K ≃ AN , i.e. this propo-
sition holds for split real form.
As a consequence, the restriction of the reflection Hamiltonians to a symplectic leaf
S form Poisson commutative subalgebra IS in C[S]. In the next section we will show
that this subalgebra defines a superintegrable system.
3. Poisson noncommutative Hamiltonians and Degenerate Integrability
3.1. Non-comutative Hamiltonians. In this section we explain how to construct a
Poisson subalgebra A of C[G/K] that Poisson commutes with the reflection Hamilto-
nians C[K\G/K].
Define the mapping
T : G→ G, g 7→ gσ(g−1).(3.1)
It descends to define the reflection monodromy mapping
T̂ : G/K → G, [g] 7→ gσ(g−1)
Remark 3. The mapping T̂ induces an isomorphism betweenK\G/K and the semisim-
ple part of the coset space (G/AdG)>0 of orbits passing through elements of G with
positive principal generalized minors. In other words it identifies the space of functions
on K\G/K with G-invariant functions on G>0 (elements of G with positive principal
generalized minors).
For convenience, let us introduce elements Yα ∈ k, α ∈ Φ
+ defined by
Yα := E−α − Eα
Note that we may write
r =
∑
α
Eα ∧ Yα(3.2)
Let T∗ be the mappings between vector fields on G.
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Proposition 5. The mapping T satisfies
T∗Y
L
α = 0
T∗Y
R
α = Y
R
α − Y
L
α(3.3)
T∗E
R
α = E
R
α + E
L
−α
Here and below XL,R are left and right vector fields on G.
We will also use the involutive diffeomorphism τ of G defined by
τ(g) = σ(g−1)
By τ∗ we again denote the mapping between vector fields on G.
Lemma 2. The involution τ is a group anti-automorphism, an automorphism of Pois-
son varieites, and τ(B±) = B∓. Moreover, for all α ∈ Φ, we have
τ∗E
L
α = E
R
−α(3.4)
and
τ ◦ T = T(3.5)
The proof is clear; for example one has
τ(T (g)) = τ 2(g)τ(g) = gτ(g) = T (g)
Let τ ∗ : C[G]→ C[G] denote the pull-back of functions under the mapping τ .
Proposition 6. The reflection monodromy mapping T satisfies
{T ∗f1, T
∗f2} =
1
2
T ∗({f1 + τ
∗f1, f2 + τ
∗f2})(3.6)
for all f1, f2 ∈ C[G/K].
Proof. Let us compute the Poisson brackets of the two elements T ∗f1, T
∗f2 of A, where
fi ∈ C(G/AdB+). We have
{T ∗f1, T
∗f2}(g) = 〈(T
∗)⊗2(df1 ⊗ df2)g, r
R − rL〉
= 〈(df1 ⊗ df2)gσ(g−1), T
⊗2
∗
(
rR − rL
)
〉
= 〈(df1 ⊗ df2)gσ(g−1), (E
R
α + E
L
−α) ∧ (Y
R
α − Y
L
α )〉
= 〈(df1 ⊗ df2)gσ(g−1), E
R
α ∧ E
R
−α − E
L
α ∧ E
L
−α〉
+ 〈(df1 ⊗ df2)gσ(g−1), E
R
α ∧ E
L
α + E
L
−α ∧ E
R
−α〉
= {f1, f2}(T (g)) + 〈(df1 ⊗ df2)gσ(g−1), E
R
α ∧ E
L
α + E
L
−α ∧ E
R
−α〉
But now in view of properties (3.5) and (3.4) of the Poisson automorphism τ , we may
re-express ∑
α∈∆+
〈(df1 ⊗ df2)gσ(g−1), E
R
α ∧ E
L
α + E
L
−α ∧ E
R
−α〉
=
1
2
{τ ∗f1, f2}(T (g)) +
1
2
{f1, τ
∗f2}(T (g))
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and thus the result follows. 
Now let A = T ∗C(G/AdB+) be the pullback of the Poisson subalgebra of AdB+-
invariant functions on G under the mapping T . Note that since τ ◦ T = T , we have
that
A = T ∗C(G/AdB+) = T
∗
C(G/AdB−).
Corollary 1. The Poisson subalgebra T ∗C(G/AdG) of reflection Hamiltonians Poisson
commutes with A = T ∗C(G/AdB+)
Proof. Recall that the Poisson subalgebra C(G/AdG) Poisson commutes with both
subalgebras C(G/AdB+),C(G/AdB−); this follows immediately from the fact that the
quasitriangular r-matrix r satisfies r ∈ b+ ⊗ b− ⊂ g ⊗ g. Hence the assertion of the
corollary follows by taking f1 ∈ C(G/AdG) and f2 ∈ C(G/AdB+) in formula (3.6), by
definition of τ :
τ ∗(f1)(hgh
−1) = f1(σ(hg
−1h−1)) = f1(σ(h)σ(g)
−1σ(h)−1) = τ ∗(f1)(g)
Thus, τ ∗(f1) ∈ C
G(G). Simlarly τ ∗(f2) ∈ C
B−(G). Because Poisson subalgebra GG(G)
Poisson commutes with subalgebras CB±(G) [R1], Proposition 6 implies
{T ∗(f1), T
∗(f2)} =
1
2
T ∗{f1 + τ
∗(f1), f2 + τ
∗(f2)} = 0

Thus, we have the following embedding of Poisson algebras
(3.7) T ∗(CG(G)) = C(K\G/K) ⊂ T ∗C(G/AdB+) = T
∗
C(G/AdB−) ⊂ C(G/K),
and therefore the subalgebra A is a natural candidate for the Poisson subalgebra which
guarantees superintegrability of reflection Hamiltonians, i.e. elements of T ∗(CG(G)).
These embedding correspond to Poisson projections
(3.8) T (B)→ P → G/AdG
Here P is the set of all AdB+-orbits through T (B+) ⊂ G.
The restriction of the Poisson projections (3.8) to a symplectic leaf corresponding to
u ∈ W gives a sequence of Poisson projections:
(3.9) Su → Pu → Bu.
Here Su ⊂ AN = G/K is a symplectic leaf of G/K corresponding to the double Bruhat
cell G1,u+ = (B+ ∩ B−uB−) ∩ AN ⊂ AN ⊂ B+, while P
u is the set of all AdB+-orbits
in G through Su ⊂ T (B+) ⊂ G. Finally, the subset B
u ⊂ G/AdG is the set of all
AdG-orbits through S
u ⊂ T (B+) ⊂ G.
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3.2. Degenerate integrability. Now we will prove that (3.9) is a superintegrable
system. For this we need to prove the balance of dimensions in (3.9). Here and below
we assume that Su is generic, in the sense that dim(Bu) = r.
Theorem 2. For generic u we have
dim(P) = dim(T (AN))− r
Proof. Let b ∈ AN be a generic element, in the sense that bτ(b) ∈ G is regular (conju-
gate to a generic point in H ⊂ G). For given b let us describe all b′ such that
(3.10) βbτ(b)β−1 = b′τ(b′),
for some β ∈ B+. If Obτ(b) is the AdB+-orbit through bτ(b) such b
′ describe intersection
points Obτ(b) ∩ T (AN). We will show that dim(Obτ(b) ∩ T (AN)) = r. This implies the
desired equality.
Applying τ to (3.10) we obtain
τ(β)−1bτ(b)τ(β) = b′τ(b′)
or
(3.11) τ(β)βbτ(b) = bτ(b)τ(β)β
Because b is generic there exists U ∈ K such that
bτ(b) = UΛU−1
Combining this with (3.11), we conclude that
τ(β)β = UDU−1
where D ∈ H . In fact, since β ∈ AN we have D ∈ A ⊂ H . Because b 7→ bτ(b) is a
diffeomorphism AN → G/K, the choice of D determines β and therefore b′ uniquely
for a given b. This proves
Obτ(b) ∩ T (AN) ≃ A
In particular, its dimension is r. This concludes the proof. 
In AN and (AN)u = AN ∩ B−uB−, for generic u, regular elements form a Zariski
open subset. Choose b ∈ (AN)u ⊂ AN ⊂ B+ to be semisimple. By the same arguments
as above we obtain the proof of the following statement.
Theorem 3. For generic u we have
dim(P˜u) = dim (T ((AN)u))− r
where P˜u is the set of AdB+-orbits through (AN)
u ⊂ G.
Symplectic leaves of (AN)u are level sets of generalized minors [KZ]. For generic u
regular elements form Zariski open subset in these level sets as well. Thus we have
Corollary 2. For generic u and a symplectic leaf Su in (AN)u
dim(Pu) = dim(T (Su))− r
Here Pu is the set of AdB+-orbits through S
u ⊂ G.
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This proves the superintegrability of Hamiltonian systems on generic symplectic
leaves of G/K with Hamiltonians from C(K\G/K) ≃ C(G/AdG). When u is a Cox-
eter element, the corresponding integrable system is a non-degenerate, i.e. Liouville
integrable system, isomorphic to the relativistic Toda system corresponding to this
Lie algebra [HKKR]. If the Weyl group element u is non-generic, there are nontriv-
ial stabilizers, but in a similar way one can show that the restriction of 3.8 to such
symplectic leaf still gives a superintegrable system. In this case one should repeat the
arguments above for the diagrammatically embedded semisimple subgroup in G where
u is generic.
3.3. Action-angle variables. For general background on action angle variables, see
[N][FLGV] and [KM]. Here we will explicitly describe action angle variables for our
systems.
Suppose that Vλ is an irreducible real representation of the split real group G that
contains a spherical vector, that is a vector u ∈ Vλ satisfying ku = u for all k ∈ K ⊂ G.
Such representations and vectors can be constructed as follows. The real representation
Sym2 (Vλ) can be regarded as the space of real quadratic forms on V
∗
λ . Then one can
take any positive definite form and average it over the compact group K, to obtain a
nonzero spherical vector u ∈ Sym2 (Vλ). For example, in the case G = SLn(R) and its
first fundamental representation Vω1 ≃ R
n, we have Sym2Vω1 ≃ V2ω1 , and we obtain a
spherical vector u ∈ V2ω1 fixed by K = SOn(R).
Now let g(t) be the Hamiltonian flow generated by H ∈ G(K\G/K) passing through
g0 = b0τ(b0) ∈ S
u. It was shown in [Sch1] that the Hamiltonian flow line generated by
the function H passing through g0 ∈ G at t = 0 can be described as
(3.12) g(t) = k+(t)
−1g0k−(t),
where k±(t) ∈ K are defined by the factorization
exp(t∇±H(g)) = b(t)k±(t)
−1,
in which b(t) ∈ AN , ∇±H are left and right gradients of H , and 〈∇±H,X〉 are left
and right derivative of H with respect to X ∈ g, so for example 〈∇−H(g), X〉 =
d
dt
H(getX)|t=0. Here 〈·, ·〉 is the Killing form on g.
Consider the spectral decomposition
g =
∑
α
hλαQ
λ
α
for a generic element g ∈ G acting in an a finite dimensional irreducible representation
Vλ with the highest weight λ. Note that ∇
−H(g) is diagonal on Qα: ∇
−H(g)Qα =
f(hα)Qα. This is most obvious for matrix groups when τ is the transposition, the
Killing form is a trace and H(g) = tr(g).
From the formula for the evolution of g(t) we conclude that hλα are preserved by the
evolution and that the idempotents Qλα evolve as
Qλα(t) = k−(t)
−1Qλαk−(t),
and therefore
(3.13) Qλα(t) = b(t)
−1 exp(t∇±H(g0))Q
λ
αk−(t).
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Let (u, v) be the Shapovalov form on Vλ. It is uniquely defined by the normalization
(vλ, vλ) = 1 where we fixed a highest weight vector vλ and the property (τ(X)v, u) =
(v,Xu). Consider variables
rλα = (vλ, Qαu),
where vλ is a lowest weight vector and u ∈ Vλ is a spherical vector, that is ku = u for
all k ∈ K ⊂ G. From (3.13) we obtain
rλα(t) = hλ(t)
−1etf(hα)rλα,
where the function hλ(t) describes the action of b(t) on the lowest weight vector:
τ(b(t))−1vλ = hλ(t)
−1vλ. From here we conclude that
rλα(t)
rλβ(t)
= exp (t(f(hα)− f(hβ)))
rλα
rλβ
.
Thus we proved that the ratios r
λ
α
rλ
β
evolve logarithmically linearly and therefore form
angle variables.
4. The relation to integrability of characteristic systems on G.
Let us now consider Poisson variety G/τ obtained as the quotient of G by the Poisson
automorphism τ . The ring of functions on G/τ is identified with the Poisson subalgebra
C[G/τ ] = C[G]τ ⊂ C[G] of τ -invariant functions on G. Note that Proposition 3.6 has
the following simple corollary:
Corollary 3. If f1, f2 ∈ C[G/τ ], then
{T ∗f1, T
∗f2} = 2T
∗{f1, f2}
Hence, rescaling the Poisson strucure on G/K by a factor of 1
2
, the map (G/K, ηG/K/2) →֒
G→ G/τ obtained by composing T with the quotient projection is Poisson.
Let D(G) ≃ G × G be the Poisson-Lie double of G [Dr, STS]. If {Ti} is an or-
thonormal basis for h with respect to the Killing form 〈, 〉, the Poisson tensor of D(G)
is defined in terms of the canonical element
Λ =
∑
i
(Ti,−Ti) ∧ (Ti, Ti) +
∑
α∈Φ+
((Eα, 0) ∧ (E−α, E−α) + (0, E−α) ∧ (Eα, Eα).)
The Poisson bivector field is
ηD(G) = Λ
R − ΛL,
where we write (x, y) for elements of the Lie algebra Lie(D(G)) = g⊕ g. We consider
the involution s on D(G) defined by s(g1, g2) = (τ(g2), τ(g1)).
Lemma 3. The map s is a Poisson automorphism of D(G), which descends to a well-
defined Poisson automorphism of the quotients D(G)/AdB+×B− and D(G)/AdD(G).
Indeed, s preserves B+ × B− ⊂ G × G and the diagonally embedded G. Now, we
have a well-defined diagonal embedding
∆ : G/τ → D(G)/s, [g] 7→ [(g, g)]
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Indeed, f ∈ C[D(G)/s] means that f(τ(g2), τ(g1)) = f(g1, g2) so that in particular
f(τ(g), τ(g)) = f(g, g), which implies the statement. Since τ and s are Poisson auto-
morphisms and the diagonal embedding of G into D(G) is Poisson, so is that of G/τ
into D(G)/s.
Corollary 4. We have the following diagram in which all maps are Poisson:
(G/K, 1
2
ηG/K) //
pi

G/τ
∆
//
∆

D(G)/s

P
θ

µ
// P ′ //
ψ

(
D(G)/AdB+×B−
)
/s

K\G/K // (G/AdG)/τ
∆
//
(
D(G)/AdD(G)
)
/s
Here P is the space of AdB+-orbits in G through T (B+). Equivalently, this is the space
of AdB− such orbits, and P
′ is the set of equivalence classes
P ′ = {[gτ(g), gτ(g)]|g ∈ G} ⊂
(
D(G)/AdB+×B−
)
/s.
The map π is a natural projection, and θ(AdB+(bτ(b))) = AdG(bτ(b)), while the left
bottom and top horizontal arrows are the natural embeddings. Note that τ acts trivially
on semisimple elements of G/AdG and recall that the mapping K\G/K ≃ G/AdG →
G/AdG acts as KgK 7→ AdG (gτ(g)).
In particular, the diagram implies that the superintegrability of Hamiltonian systems
on G/K can in fact be deduced from the superintegrability of characteristic systems
on G established in [R1].
5. Conclusion
In this note we proved the superintegrability of reflecting integrable systems arising
from the Cartan involution on finite dimensional split real Lie groups with their stan-
dard Poisson Lie structure. We anticipate that similar results hold for other Poisson
Lie groups.
Namely, we expect the following:
• For loop groups with the standard Poisson Lie structure, Hamiltonian systems
generated by Poisson commutative subalgebra of G-invariant functions (or their
twisted version) are superintegrable on generic symplectic leaves. For loops in
SLn the Liouville integrability is proved for symplectic leaves corresponding to
cyclically reduced elements of the corresponding affine Weyl group [FM]. These
integrable systems are isomorphic to the ones constructed in [GK] on cluster
varieties corresponding to dimers [FM]. On symplectic leaves corresponding to
other elements of the affine Weyl group [1] one should expect superintegrability.
• Classical spin chains generated by Hamiltonians with ”reflection” boundary con-
ditions are superintegrable on generic symplectic leaves of the corresponding
affine homogeneous spaces. For the LSL2 case the Lioville integrability on
12 NICOLAI RESHETIKHIN AND GUS SCHRADER
symplectic leaves corresponding to XXZ spin chains with reflection boundary
conditions was analyzed in [Sch2].
• For Poisson Lie groups with non-standard, Belavin-Drinfeld Poisson Lie struc-
ture and on corresponding symmetric homogeneous spaces, Hamiltonian sys-
tems generated by natural Poisson commutative subalgebras are superintegrable
for generic symplectic leaves and Lioville integrable only for special ones.
The authors are grateful to M. Semenov-Tian-Shansky for valuable remarks and
questions about the first draft of the paper.
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